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We study nonnegative solutions of
ut ¼ ðumÞxx; ðx; tÞ 2 ð0; LÞ  ð0; T Þ;
ðumÞxð0; tÞ ¼ u
pð0; tÞ; t 2 ð0; T Þ;
ðumÞxðL; tÞ ¼ lu
qðL; tÞ; t 2 ð0; T Þ;
uðx; 0Þ ¼ u0ðxÞ; x 2 ð0;LÞ;
8>><
>>:
where m; p; q; l and L are positive parameters. For different values of the
parameters three situations may occur: (1) all solutions of this problem exist for all
t > 0; (2) for certain initial data functions the solution exists for all t > 0 while for
others the solution blows up as t % T for some ﬁnite T ; (3) excepting the trivial
solution when u0  0; all solutions blow up as t % T for some ﬁnite T : We identify in
terms of the parameters which of them actually happens. For solutions which blow
up we ﬁnd the blow-up rate and the blow-up set. # 2002 Elsevier Science (USA)1. INTRODUCTION AND MAIN RESULTS
We consider nonnegative solutions of
ut ¼ ðumÞxx; ðx; tÞ 2 ð0;LÞ  ð0; T Þ;
ðumÞxð0; tÞ ¼ u
pð0; tÞ; t 2 ð0; T Þ;
ðumÞxðL; tÞ ¼ lu
qðL; tÞ; t 2 ð0; T Þ;
uðx; 0Þ ¼ u0ðxÞ; x 2 ð0; LÞ;
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FERREIRA, QUIRO´S, AND ROSSI260where m; p; q; l and L > 0 are parameters. In principle, we may consider a
more general boundary condition at x ¼ 0; namely
ðumÞxð0; tÞ ¼ mu
pð0; tÞ; t 2 ð0; T Þ;
with m > 0: However, a rescaling of the dependent and independent variables
allows to set m ¼ 1; and we do so in the sequel. We may try to scale out
another parameter together with m; either l or L (but not both of them at the
same time). If p=q we can set l ¼ 1: However, this is not possible if p ¼ q:
On the other hand, if p=m we can set L ¼ 1; but this is impossible if p ¼ m:
Thus, the cases p ¼ q and m are expected to be exceptional. This will be
conﬁrmed by our results.
We assume u0ðxÞ50 for x 2 ½0;L
; um0 2 C
1ð½0;L
Þ; and the compatibility
conditions ðum0 Þ
0ð0Þ ¼ up0 ð0Þ; ðu
m
0 Þ
0ðLÞ ¼ luq0ðLÞ: A function u deﬁned in
½0;L
  ½0; T Þ is a weak solution of problem (1) if u is continuous, u and ðumÞx
are bounded on ½0; L
  ½0; t
 for all t5T ; and, for all f 2 C1c ð½0; L
  ½0; T ÞÞ;Z L
0
Z T
0
ðuft þ ðu
mÞxfxÞðx; tÞ dt dx
¼
Z L
0
u0ðxÞfðx; 0Þ dxþ
Z T
0
ðupfÞð0; tÞ dt  l
Z T
0
ðuqfÞðL; tÞ dt:
Local existence in time of a continuous weak solution follows by standard
arguments, see [8] for a similar problem. By standard regularity theory,
solutions are smooth were they are positive. The time T is the maximal
existence time for the solution, which may be ﬁnite or inﬁnite. If T51; then
u becomes unbounded in ﬁnite time and we say that it blows up. If T ¼ 1 we
say that the solution is global. If m ¼ 1; we have the well-known heat equation.
For m > 1 the equation is called the porous medium equation, while for m51
it is known as the fast-diffusion equation. For every m > 0 problem (1) can be
thought of as a model for nonlinear heat propagation. In this case u stands for
temperature and ðumÞx represents heat ﬂux. Thus, we have a nonlinear
inwards ﬂux at the boundary point x ¼ 0 and a nonlinear outwards ﬂux at the
other boundary point, x ¼ L: A justiﬁcation of the appearance of such
boundary conditions in a combustion problem appears in [17].
In this article we are interested in the blow-up phenomenon. This subject
has deserved a great deal of attention in recent years, see for example the
book [20] and the surveys [6,15]. For speciﬁc references about blow-up in
problems with nonlinear boundary conditions, see the survey [7]. The inﬂux
boundary condition in our problem favours blow-up, while the outwards
ﬂux tries to preclude it. The actual behaviour of solutions, blow-up or global
existence, is determined by which term dominates. Three situations may
occur, depending on the values of the parameters: (A) all solutions of this
NONLINEAR HEAT EQUATION 261problem exist for all t > 0; (B) for certain initial data functions the solution
exists for all t > 0 while for others the solution blows up as t % T for some
ﬁnite T > 0; (C) excepting the trivial solution u  0; all solutions blow up as
t % T for some ﬁnite T > 0:
Our main aim is to characterize which of these three situations actually
happens in terms of the parameters. A ﬁrst step is to study for which values
of the parameters there exist stationary solutions. Setting w ¼ um; we look
for nonnegative nontrivial solutions w ¼ wðxÞ of
w00 ¼ 0 for x 2 ð0; LÞ;
w0ð0Þ ¼ wp=mð0Þ; w0ðLÞ ¼ lwq=mðLÞ:
(
ð2Þ
Theorem 1.1. Let m;p; q; l and L > 0; and let
Lnðm;p; q; lÞ ¼ lðpmÞ=ðpqÞ
mðq pÞ
qðp  mÞ
qðp  mÞ
pðq mÞ
 ðpðqmÞÞ=ðmðqpÞÞ
for ðp  mÞðq pÞ > 0:
(A) There is a unique positive solution of (2) if and only if any of the
following holds:
(i) p5m and, either q5p and L ¼ Ln; q ¼ p and l > 1; or, q > p;
(ii) p ¼ m; q=p and L51;
(iii) p > m and, either q5p; q ¼ p and l > 1; or, q > p and L ¼ Ln:
(B) There are exactly two positive solutions of (2) if and only if any of the
following holds: (i)p5m; q5m and L5Ln; (ii)p > m; q > p and L5Ln:
(C) If p ¼ q ¼ m problem (2) becomes linear. It has infinitely many
positive solutions, all of them of the form wðxÞ ¼ Cð1 xÞ; if and only if L51
and l ¼ 1=ð1 LÞ:
(D) If none of the above conditions holds problem (2) has no nontrivial
solutions.
Now we can state our main result. It is restricted to m > 1; which is the
most interesting case, as it is in this range of parameters where we have more
diversity of behaviour. The results for m41 are given later, at the end of the
introduction.
Theorem 1.2. Let m > 1 and let p; q; l and L > 0:
(A) All solutions of (1) are global if and only if any of the following holds:
(i) p41;
(ii) 15p4ðmþ 1Þ=2 and, either q > p; or, p ¼ q and l51;
(iii) ðmþ 1Þ=25p5m and, either q > p; or, p ¼ q and l > 1;
FERREIRA, QUIRO´S, AND ROSSI262(iv)p ¼ m and, either q ¼ p; L51 and l51=ð1 LÞ; or, q > p and
L52m=ðm 1Þ:
(B) There are both global and blow-up solutions of (1) if and only if any
of the following holds:
(i) 15p5m; q5p and L4Ln;
(ii) ðmþ 1Þ=25p5m; q ¼ p and l41;
(iii)p ¼ m; q5p and L51; (iv)p > m and, either q5p; q ¼ p and
l > 1; or, L4Ln:
(C) If none of the above conditions holds, all nontrivial solutions of (1)
blow up.
In order to understand Theorem 1.2 we compare problem (1) with the
limit case l ¼ 0; with m > 1: This problem is studied in [8], where it is proved
that solutions blow up if and only if p > 1 (similar results for systems are
proved in [1]). When l > 0 the end x ¼ L is not insulated, but has an
outwards ﬂux instead. Hence, our problem has less chance for blow-up than
if l ¼ 0: Therefore there is no blow-up for it if p41: What if p > 1? Then
the nonlinear outwards ﬂux may play a role. To understand this role we
consider the blow-up set, BðuÞ; of a solution u; which is deﬁned as
BðuÞ ¼ fx 2 ½0;L
; 9xn ! x; tn % T with uðxn; tnÞ ! 1g:
The blow-up set of solutions to problem (1) with l ¼ 0 and m > 1 is known
to be the whole interval ½0;L
 if either p5m; or p ¼ m and L42m=ðm 1Þ;
the interval ½0; 2m=ðm 1Þ
 if p ¼ m with L > 2m=ðm 1Þ and a single point
x ¼ 0 if p > m: When l > 0 there is an outwards ﬂux at x ¼ L: Therefore the
blow-up set is not bigger than in the case l ¼ 0; and contains at most the
origin if p > m (see Theorem 1.4). Hence, the outwards ﬂux at x ¼ L cannot
be very big, as u is bounded there; the inwards ﬂux wins the game. If p5m
the blow-up set may be the whole interval. If this is the case, the outwards
ﬂux at x ¼ L}as well as the inﬂux at x ¼ 0}becomes enormous. To have
blow-up or not depends on which term dominates; hence the condition
q5p: If p ¼ m; things depend on the relation between L and 2m=ðm 1Þ: If
L > 2m=ðm 1Þ; then the blow-up set does not include the point x ¼ L and
the outwards ﬂux plays no role. On the other hand, if L52m=ðm 1Þ; blow-
up happens in the whole interval ½0;L
: Then the alternative blow-up/global
existence depends again on the condition q5p:
If p ¼ q; 15p5m both boundary conditions are of the same order and
the balance becomes more delicate. If 15p4ðmþ 1Þ=2 there is enough
cancellation to abort blow-up, while if ðmþ 1Þ=25p5m blow-up depends
on the value of l: If l > 1 there is no blow-up. On the contrary, if l41 we
may still have blow-up. For the limit case l ¼ 1; cancellation provokes a
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(see Theorem 1.3).
We still have to consider p ¼ m ¼ q: As mentioned above, in this case
neither l; nor L can be removed by scaling, and both quantities have to be
taken into account. For L51 all solutions blow up, while for L51 we need
also l51=ð1 LÞ:
The critical exponent for global existence, p ¼ ðmþ 1Þ=2; for the
borderline case p ¼ q; reminds us of another related problem, namely
ut ¼ ðumÞxx; ðx; tÞ 2 ð0;1Þ  ð0; T Þ;
ðumÞxð0; tÞ ¼ u
pð0; tÞ; t 2 ð0; T Þ;
uðx; 0Þ ¼ u0ðxÞ; x 2 ð0;1Þ:
8><
>: ð3Þ
This problem in the half-line has been studied in [9], and will be very useful
in our analysis. It is known that there are solutions to (3) which blow up if
and only if ðmþ 1Þ=25p: Moreover, the blow-up set is the whole half-line if
ðmþ 1Þ=25p5m; the bounded interval ½0; 2m=ðm 1Þ
 if p ¼ m and a single
point x ¼ 0 if p > m (see also [18] for similar results for a system). We
remark that the blow-up set in the case p ¼ m of problem (3) coincides with
the critical length 2m=ðm 1Þ for the case q > p ¼ m for our problem.
To explain the critical values of the parameters separating behaviours (B)
and (C), we observe that if there are solutions which blow up, but there are
not stationary solutions, then all nontrivial solutions necessarily blow up,
see Lemma 3.9.
Next, we turn our attention to the asymptotic behaviour of solutions to
problem (1) which blow up. We ﬁrst study the blow-up rate, that is, the speed
at which blow-up occurs. We need an extra monotonicity assumption on u;
(H) u blows up in ﬁnite time T and veriﬁes ut > 0 for t near T :
Note that if in addition to the basic hypothesis u0 is smooth, not
identically zero and satisﬁes ðum0 Þ
0050 then u veriﬁes ut > 0:
The next theorem shows the dependence of the blow-up rate on the parameters.
Theorem 1.3. Let m > 1 and u be a solution of (1) satisfying (H). Then
jjuð; tÞjj1  ðT  tÞ
g as t % T ; where g ¼ 1=ðp  1Þ if maxfq; 1g5p5m or
15p ¼ q5m and l51 and where g ¼ 1=ð2p  m 1Þ otherwise. By f  g
we mean that there exist finite positive constants c1; c2 such that c1g4f4c2g:
Remark 1.1. If p ¼ m; we have a better result. Indeed, if u is a solution
of (1) satisfying (H), there is a function g such that ðT  tÞ1=ðm1Þuðx; tÞ !
gðxÞ as t % T :
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on the parameters. As far as we know, this is the ﬁrst example of this
phenomenon in a parabolic problem with blow up.
Remark 1.2. For the limit case l ¼ 0 we have g ¼ 1=ðp  1Þ; while for
problem (3) we have g ¼ 1=ð2p  m 1Þ:
Now we characterize the blow-up set for u in terms of the parameters.
Theorem 1.4. Let m > 1 and u be a solution of (1) satisfying (H). The
blow-up set BðuÞ is given by BðuÞ ¼ f0g if p > m; by BðuÞ ¼ ½0; 2m=ðm 1Þ
 if
p ¼ m and L > 2m=ðm 1Þ; and by BðuÞ ¼ ½0;L
 otherwise.
Finally, we state our results for 05m41: Observe that Theorem 1.1
already includes this case. In this range of values of m we have single point
blow up, and the situation is analogous to the case p > m for m > 1: The
proofs are similar to those for the porous medium equation (m > 1). Hence
we will only point out the differences in appropriate places.
Theorem 1.5. Let 05m41 and let p; q; l and L > 0:
(A) All solutions of (1) are global if and only if p4ðmþ 1Þ=2:
(B) There are both global and blow-up solutions of (1) if and only if
p > m and either q5p; or, q ¼ p and l > 1; or L4Ln:
(C) If none of the above conditions holds all nontrivial solutions of (1)
blow up.
(D) If u is a solution of (1) satisfying (H), then jjuð; tÞjj1 
ðT  tÞ1=ð2pm1Þ and BðuÞ ¼ f0g:
2. STATIONARY SOLUTIONS
In this section, we look for nontrivial nonnegative solutions of (2), that is,
nontrivial nonnegative stationary solutions of (1).
Proof of Theorem 1.1. Let w be a solution of (2), then wðxÞ ¼ axþ b:
Since we are looking for nonnegative solutions, we must have b50; aLþ
b50: The boundary conditions yield a ¼ bp=m; a ¼ lðaLþ bÞq=m: The
ﬁrst equation implies that a ¼ 0 if and only if b ¼ 0: In this case wðxÞ  0:
Hence, to ﬁnd nontrivial solutions of (2) we have to ﬁnd positive parameters
b > 0 satisfying P ðbÞ ¼ 0; with P ðbÞ ¼ lm=qb bp=q  lm=qLbp=m: As we are
not interested in the root b ¼ 0 of P ðbÞ; we factor out b: Finally, we are led to
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GðbÞ ¼ lm=q  bp=q1  lm=qLbp=m1:
There are several cases. If p ¼ q; GðbÞ ¼ lm=q  1 lm=qLbðq=mÞ1; then if
q=m there is no positive root if l41 and there exists one if l > 1; while for
q ¼ m there is no root if l=1=ð1 LÞ and any b > 0 is a root if l ¼
1=ð1 LÞ:
If p ¼ m; then GðbÞ ¼ lm=qð1 LÞ  bðm=qÞ1; hence there is no root if L51
and there is just one root if L51:
In order to handle the remaining cases we compute G0ðbÞ;
G0ðbÞ ¼ 
p
q
 1
 
bp=q2 
p
m
 1
	 

lm=qLbp=m2:
Thus, if p > q and p > m we have G0ðbÞ50; Gð0Þ ¼ lm=q > 0; Gð1Þ ¼ 1;
and hence there exists exactly one positive root of G: If p5q and p5m; then
Gð0Þ ¼ 1; G0ðbÞ > 0; and Gð1Þ ¼ lm=q > 0: Again we have just one
positive root.
If q5p5m or m5p5q; then Gð0Þ ¼ 1 and Gð1Þ ¼ 1: On the other
hand, there exists just one value %b; given by
%b ¼
lm=qLqðm pÞ
mðp  qÞ
 !qm=ðpðmqÞÞ
;
such that G0ð %bÞ ¼ 0: Thus, the existence of roots depends on the sign of Gð %bÞ:
if Gð %bÞ > 0 there are two roots, if Gð %bÞ50 there are no roots, and if Gð %bÞ ¼ 0
there is just one root. The critical value Ln is obtained from the last
condition. ]
3. BLOW-UP VERSUS GLOBAL EXISTENCE
In this section we prove Theorem 1.2. The basic idea is to compare with
subsolutions which blow up or with supersolutions which are global in time.
By a subsolution (supersolution) we mean a smooth function which veriﬁes
(1) with 4 (5) instead of ¼ :
Lemma 3.1. Let %u be a supersolution, u be a solution, and
%
u be a
subsolution to problem (1). If %uðx; 0Þ > u0ðxÞ >
%
uðx; 0Þ > 0 for x 2 ½0;L
; then
%uðx; tÞ > uðx; tÞ >
%
uðx; tÞ for ðx; tÞ 2 ½0; L
  ½0; T Þ:
Proof. First, we assume that uðx; tÞ > 0 for all t 2 ½0; T Þ: Thus, it is a
classical solution to problem (1). We argue by contradiction (see [18] for a
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uðx0; t0Þ for a certain x0 2 ½0; L
: As %uðx; 0Þ > uðx; 0Þ we have that t0 > 0; thanks
to the continuity of %u and u down to t ¼ 0:
If x0 2 ð0; LÞ then we have a solution and a supersolution of the porous
medium equation such that the difference attains an interior minimum. This
contradicts the strong maximum principle.
Next, we show that x0 cannot be 0 nor L: Indeed, the boundary conditions
imply ð@ð %u  uÞ=@ZÞðx0; t0Þ50; where Z is the outwards normal. On the other
hand, the function ð %u  uÞð; t0Þ is nonnegative, so it has a minimum point at
x0: Moreover, it satisﬁes ð %u  uÞt5ð %u
m  umÞxx ¼ mðf
m1ð %u  uÞÞxx where %u
5f5u: As %u is strictly positive, fðx0; t0Þ cannot vanish. Hence, we can apply
Hopf’s Lemma to obtain ð@ð %u  uÞ=@ZÞðx0; t0Þ50; which is a contradiction.
Analogous arguments show that u >
%
u:
To prove that indeed uðx; tÞ > 0 for t 2 ½0; T Þ we compare u with a solution
*u to (1) such that uðx; 0Þ > *uðx; 0Þ > 0 for x 2 ½0;L
 and such that *ut50: We can
repeat the above comparison argument to show that uðx; tÞ > *uðx; tÞ > 0: ]
Next we proceed with the proof of Theorem 1.2. As the arguments that we
use depend strongly on the region of parameters under consideration, we
organize the proof in several lemmas.
Lemma 3.2. If p > m > 1 there exist solutions of (1) which blow up.
Proof. We use an auxiliary problem. For *q > q we set
ðukÞt ¼ ðu
m
k Þxx; ðx; tÞ 2 ð0;LÞ  ð0; TkÞ;
ðumk Þxð0; tÞ ¼ u
p
k ð0; tÞ; t 2 ð0; TkÞ;
ðumk ÞxðL; tÞ ¼ ku
*q
kðL; tÞ; t 2 ð0; TkÞ;
ukðx; 0Þ ¼ uk0ðxÞ; x 2 ð0; LÞ;
8>><
>>>:
ð4Þ
where uk0 will be chosen later.
If p > m > 1 it is known that problem (3) admits a self-similar solution
wðx; tÞ ¼ ðT  tÞaF ðxÞ; x ¼
x
ðT  tÞb
;
with exponents a ¼ 1=ð2p  m 1Þ50; b ¼ ðp  mÞ=ð2p  m 1Þ > 0; see
[10, 12, 13]. This solution has support ½0;1Þ for all time and blows up in
ﬁnite time only at the point x ¼ 0; see [18]. Moreover, for all x > 0 the
function wx is bounded for t 2 ½0; T Þ: Therefore, there exists a positive
constant k such that ðwmÞxðL; tÞ4 kw
*qðL; tÞ for t 2 ½0; T Þ: Hence, if we take
uk0ðxÞ5wðx; 0Þ then w is a subsolution of problem (4). So uk blows up in
ﬁnite time for every uk0 large. We can assume that the blow-up time Tk is as
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uk0 large, that given N > 0; then ukðL; tÞ5N for all t 2 ½0; TkÞ: To end the
proof, we observe that ku *qkðL; tÞ4 lu
q
kðL; tÞ holds if kN
*qq5l: This
implies that uk is a subsolution of (1) with ﬁnite time blow-up. Hence every
solution above this uk has ﬁnite time blow-up. ]
Remark 3.1. The previous arguments extend to the case 05m51 with
p > ðmþ 1Þ=2 if we can show the existence of a solution of (4) with ﬁnite
time blow-up. To this end we use the results of [8]. In that paper, it is proved
that solutions of problem (1) in ½0; 2L
 with boundary condition at x ¼ 2L
given by ðumÞxð2L; tÞ ¼ 0 blow up in ﬁnite time. Moreover, using as a barrier
a singular solution of the form U ðx; tÞ ¼ t1=ð1mÞf ðxÞ; where f ð0Þ ¼ þ1;
f 0ð2LÞ ¼ 0 and ðfmÞ00 þ ð1=ð1 mÞÞf ¼ 0 for 05x52L [3], we can prove
that the blow-up set is BðuÞ ¼ f0g: Now take a solution which decreases in
space. As it blows up only at x ¼ 0 we have that uðL; Þ and ðumÞxðL; Þ are
bounded and strictly positive. Hence v is a subsolution for problem (4). To
show that this implies that (1) has solutions with ﬁnite time blow-up we just
have to proceed as before.
The case m ¼ 1 can be handled in an analogous way using that the
problem in the half line has single point blow-up [14, 19].
Lemma 3.3. If p ¼ m and, either q5p; or, q5p and L52m=ðm 1Þ;
there exist solutions of (1) which blow up.
Proof. For p ¼ m there exists a self-similar solution w of (3), which
blows up in ﬁnite time and has compact support, see [10, 12, 13]. It has the
explicit form
wðx; tÞ ¼ ðT  tÞ1=ðm1Þ
m 1
2mðmþ 1Þ
 1=ðm1Þ
2m
m 1
 x
 2=ðm1Þ
þ
:
If L52m=ðm 1Þ; this solution is also a solution of our problem. If q5p ¼
m and L52m=ðm 1Þ; a straightforward computation shows that w as above
is a subsolution of our problem if we take T small enough. ]
Lemma 3.4. If p ¼ m ¼ q and, either L51; or, L51 and l51=ð1 LÞ;
there exist solutions of (1) which blow up.
Proof. For L52m=ðm 1Þ the result is proved in the previous lemma.
For 14L52m=ðm 1Þ; a direct computation shows that
vðx; tÞ ¼ ðT  tÞa 1
x
L
þ dx2
	 
1=m
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a >
1
m 1
; d4
1
Lð2þ lLÞ
and T4
2md
amaxð1; dL2Þ
 m=ðammþ1Þ
:
Finally, for the case L51 we take the subsolution
vðx; tÞ ¼ ðT  tÞað1 xþ dx2Þ1=m;
where
a >
1
m 1
and T4
2md
amaxð1; 1 Lþ dL2Þ
 m=ðammþ1Þ
:
It is easy to check that vt4ðvmÞxx and ðv
mÞxð0; tÞ ¼ v
mð0; tÞ: On the other
hand, the boundary condition at x ¼ L reads dLð2þ lLÞ þ lð1 LÞ41;
which holds if l51=ð1 LÞ and d is small enough. ]
Lemma 3.5. If 15p5m and, either q5p; or, q ¼ p and l51; or if ðmþ
1Þ=25p5m; q ¼ p and l ¼ 1; there exist positive solutions of (1) with finite
time blow-up.
Proof. Using ideas from [22], we propose as the desired subsolution a
function w of the form
wðx; tÞ ¼ jðsðx; tÞÞ; sðx; tÞ ¼ aðxÞ þ bðtÞ; ð5Þ
where j is a solution of the ODE
j0 ¼ jpmþ1: ð6Þ
Since p5m we have that jðsÞ ¼ ðm pÞ1=ðmpÞðsþ CÞ1=ðmpÞ: We will
choose a and b such that w is a subsolution of (1), and b blows up at
a ﬁnite time. The second condition ensures that w blows up in ﬁnite
time.
We begin by verifying the boundary condition ðwmÞxð0; tÞ4w
pð0; tÞ: In
terms of j; a and b it reads
mjm1ðsð0; tÞÞj0ðsð0; tÞÞa0ð0Þ4jpðsð0; tÞÞ:
Using that j is a solution of (6) we arrive to the condition
a0ð0Þ41=m: ð7Þ
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equivalent to
b0ðtÞ4m2jp1ðsðx; tÞÞða0ðxÞÞ2 þ mjm1ðsðx; tÞÞa00ðxÞ:
If we impose that
a00ðxÞ5c > 0; ð8Þ
both terms are positive. Thus, we can take as b a solution of b0 ¼
cbðm1Þ=ðmpÞ that blows up in ﬁnite time. The necessary and sufﬁcient
condition for the blow up of b is then ðm 1Þ=ðm pÞ > 1; which is
equivalent to p > 1:
We still have to consider the condition ðwmÞxðL; tÞ4 lw
qðL; tÞ which,
using (6) once more, leads to
a0ðLÞ4
l
m
 
jqpðsðL; tÞÞ: ð9Þ
To end this part of the proof we take a function a satisfying (7) and (8).
Then we take jð0Þ such that condition (9) is fulﬁlled. This is always possible
if q5p; as the function j is increasing and unbounded.
If q ¼ p we consider two different cases, l51 and l ¼ 1: In the ﬁrst case
we take aðxÞ ¼ ax2 þ bxþ c; which satisﬁes conditions (7)–(9) if a ¼ ð1
lÞ=ð2mLÞ and b ¼ 1=m: In the case l ¼ 1; we choose aðxÞ ¼ axþ b with
a ¼ 1=m: Note that inequalities (7) and (9) are satisﬁed, and the condition
for b reads
b0ðtÞ4m2jp1ðsðx; tÞÞða0ðxÞÞ2:
We can choose as b a solution of b0 ¼ a2bðp1Þ=ðmpÞ that blows up in ﬁnite
time. The necessary and sufﬁcient condition for the blow-up of b is then
ðp  1Þ=ðm pÞ > 1; which is equivalent to p > ðmþ 1Þ=2: ]
Now we turn our attention to global existence results. In the next lemma
we use the same technique as in Lemma 3.5.
Lemma 3.6. If 15p4ðmþ 1Þ=2; q ¼ p and l51; every solution of (1) is
global.
Proof. In order to construct a global supersolution with initial data as
large as needed, we repeat the arguments used in the proof of the previous
lemma (we only have to observe that we can choose jð0Þ large). Therefore,
we look for two functions a and b; such that (7)–(9) are satisﬁed with
reversed inequalities. We choose aðxÞ ¼ axþ b with a ¼ 1=m and b a
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if ðp  1Þ=ðm pÞ41; that is, if and only if p4ðmþ 1Þ=2: ]
Lemma 3.7. All solutions of (1) are global if any of the following holds:
(i) q > p and, either 15p5m; or, p ¼ m and L52m=ðm 1Þ;
(ii) q ¼ p and, either ðmþ 1Þ=25p5m with l > 1; or, p ¼ m with L51
and l51=ð1 LÞ:
Proof. We look for a stationary supersolution of the form umðx; tÞ ¼
wðxÞ ¼ axþ b with b large enough. The boundary conditions imply that we
need a5bp=m and a5 lðaLþ bÞq=m: We set a ¼ bp=m: Hence b must
satisfy
bp=q þ lm=qb lm=qLbp=m50: ð10Þ
If q > p and p5m then (10) is satisﬁed for b large. This supersolution can be
made as large as needed taking b large enough. Hence, we can choose b such
that w1=mðxÞ > u0ðxÞ: Therefore u must be global.
If q > p and p ¼ m; we have lm=qð1 LÞb bp=q50: Thus, if L51 there
exists a stationary supersolution as large as we want.
If 14L52m=ðm 1Þ we need a more subtle argument. First, we note that
in this range there are no stationary solutions. Hence, thanks to Lemma 3.9
(see below), if there is a nontrivial global solution then all solutions are
global.
In order to ﬁnd a global solution we choose a nontrivial initial data such
that ut50: Any smooth and compatible u0 such that ðum0 Þ
0050 will do the
job.
Now we prove that in this range of parameters any solution satisfying
ut50 is global. Indeed, if it blows up, then the blow-up set is BðuÞ ¼ ½0; L

and, moreover, it blows up with the same rate at all points in the interval
½0;L
;
uðx; tÞ  cðxÞðT  tÞa; cðxÞ > 0; a ¼ 1=ð2p  m 1Þ;
see Section 5. We introduce the notation
IðtÞ ¼
Z L
0
uðx; tÞ dt:
Integrating the equation in ½0;L
 and using the boundary conditions we get
that I 0ðtÞ ¼ luqðL; tÞ þ upð0; tÞ  lcqðLÞðT  tÞaq þ cpð0ÞðT  tÞap: As
q > p; the right-hand side becomes negative for t close to T : This contradicts
the monotonicity of u:
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bp=m50: Thus, if l > 1 and b is large enough we have a stationary
supersolution as large as we want. Therefore every solution must be global.
If p ¼ q and m; condition (10) becomes ðl 1 LÞb50; which holds if
l51=ð1 LÞ: ]
Lemma 3.8. If p41 every solution of (1) is global.
Proof. If p41; every solution of (1) with l ¼ 0 is global in time [1, 8]. A
comparison argument shows that the same is true if l > 0: ]
Remark 3.2. If 05m41 with p4ðmþ 1Þ=2; every solution of problem
(1) with l ¼ 0 is global [8, 23]. Again a comparison argument shows that the
same is true if l > 0:
To end the proof of Theorem 1.2 we prove that if the parameters are such
that there exist solutions which blow up and there are no stationary
solutions, then every nontrivial solution blows up in ﬁnite time.
Lemma 3.9. Let m; p; q; l and L > 0 be such that there are solutions of
(1) which blow up and there is no stationary solution. Then all nontrivial
solutions of (1) blow up.
Proof. We assume that there exists a global nontrivial solution, u; in a
region of parameters where there is blow up and no nontrivial stationary
solution. This will lead to a contradiction.
First, we prove that u will eventually become positive in ½0;L
: We only
need to consider m > 1: Solutions of the porous medium equation with
homogeneous Dirichlet boundary data eventually become positive in ð0;LÞ;
see [2]. Since u is a supersolution of this problem, there exists a ﬁnite time t1
such that uðx; t1Þ > 0 for all x 2 ð0;LÞ:
Next, we prove that u also becomes positive at x ¼ 0: Let
Bðx; t;CÞ ¼ t1=ðmþ1Þ C 
m 1
2mðmþ 1Þ
x2
t2=ðmþ1Þ
 1=ðm1Þ
þ
; C > 0;
be the well-known Barenblatt solution for the porous medium equation. We
deﬁne Eðx; tÞ ¼ Bðx x0; t þ t;CÞ where C; 05x05L=2 and t > 0 are chosen
so that uðx; t1Þ5Eðx; t1Þ: There exists a time t2 such that Eð0; t2Þ > 0; and
ðEmÞxð0; tÞ40; EðL; tÞ ¼ 0 for t 2 ½t1; t2
: Thus, for t 2 ½t1; t2
; E is a
subsolution to the porous medium equation with boundary conditions
ðumÞxð0; tÞ ¼ 0 and uðL; tÞ ¼ 0; while u is a supersolution to that problem.
Therefore, by comparison uð0; t2Þ > 0:
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chosen adequately, is a subsolution of the porous medium equation with
homogeneous Neumann boundary conditions, while u is a supersolution.
This yields a contradiction. We conclude that uðx; tÞ > 0 for x 2 ½0;L
 and t
large.
Since u becomes positive, in order to prove the lemma it is enough to
consider solutions that are increasing in t: Then a comparison argument will
prove that it holds true for general solutions.
As we are in a blow-up region and we have a comparison principle, if u
becomes large enough in all ½0;L
 it will blow up.
We claim that if u does not become large in all ½0;L
 then uð0; Þ must be
bounded. If, on the contrary, uð0; Þ is not bounded, then for any K there is a
time t0 such that uð0; t0Þ5K: Therefore, since ut > 0; we have that uð0; tÞ > K
for t > t0: But this would imply (see below) that uðL; tÞ is as big as we want, a
contradiction.
To prove this last assertion, we note that if uðL; Þ is bounded, then u is a
supersolution of
ut ¼ ðumÞxx; ðx; tÞ 2 ð0; LÞ  ð0;1Þ;
uð0; tÞ ¼ K; t 2 ð0;1Þ;
ðumÞxðL; tÞ ¼ C; t 2 ð0;1Þ;
uðx; 0Þ ¼ u0ðxÞ; x 2 ð0;LÞ:
8>><
>>:
A standard argument, using a Lyapunov functional, shows that solutions of
the latter problem converge to the stationary solution wmðx; tÞ ¼ Cxþ Km:
Hence uðL; Þ becomes big, a contradiction.
Once we know that u is uniformly bounded, we can multiply the equation
by ðumÞt and integrate by parts to arrive to
m
Z L
0
um1ðutÞ
2 dx ¼
Z L
0
ðumÞtut dx
¼
Z L
0
ðumÞtðu
mÞxx dx
¼ 
d
dt
1
2
Z L
0
ðumÞ2x dxþ
m
p þ m
upþmð0; tÞ 
m
qþ m
uqþmðL; tÞ
 
:
That is, we have a Lyapunov functional. As u is uniformly bounded, it must
converge as t !1 to a stationary state. However, there is only one, w  0:
We just have to discard this possibility. In order to do this, we construct a
small enough subsolution, preventing u going to w  0: The subsolution is
%
umðxÞ ¼ ðaxþ bÞþ; with a ¼ b
p=m: In x ¼ L we need lm=qb bp=q  lm=qL
bp=m40: This is true for all small b > 0 in the three cases in which there are
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ðp  mÞðq mÞ > 0 with L > Ln: The subsolution
%
u is nontrivial in ½0;L
 for
all small b > 0: Indeed, it is positive for all x51=bðp=mÞ1: ]
4. BLOW-UP RATE
In this section, we prove Theorem 1.3. We are assuming that the solution
u of (1) satisﬁes hypothesis (H).
A consequence of hypothesis (H) is that ðumÞxx50 and ux40: Therefore,
we have the following properties:
uð0; tÞ ¼ max
x2½0; L

uðx; tÞ;
ðumÞxðL; tÞ ¼ max
x2½0; L

ðumÞxðx; tÞ;
ðumÞxð0; tÞ ¼ min
x2½0; L

ðumÞxðx; tÞ: ð11Þ
Lemma 4.1. If 15p5m and, either q5p; or, q ¼ p and l51; or if
ðmþ 1Þ=25p5m; q ¼ p and l ¼ 1; there exist constants C1 and C2 > 0 such
that for t close to T
C1ðT  tÞ
g4uðx; tÞ4C2ðT  tÞ
g 8x 2 ½0;L
; ð12Þ
where g ¼ 1=ðp  1Þ if q5p; or, p ¼ q and l51; and where g ¼ 1=ð2p 
m 1Þ if q ¼ p and l ¼ 1:
Proof. We start by proving that, for every c51;
cuð0; tÞ4uðx; tÞ4uð0; tÞ 8x 2 ½0; L
: ð13Þ
The second inequality is an immediate consequence of (11). To prove the
ﬁrst one we apply (11) and the mean value theorem to get that there is
x 2 ð0; xÞ such that
umðx; tÞ  umð0; tÞ ¼ xðumÞxðx; tÞ5xðu
mÞxð0; tÞ ¼ xu
pð0; tÞ:
Thus, umðx; tÞ5umð0; tÞ 1 xupmð0; tÞð Þ: Since p  m50 and uð0; tÞ blows up
with utð0; tÞ50; we obtain that 1 Lupmð0; tÞ5cm for t close to T : Hence
(13).
Now we assume that 15p5m and q5p: Thanks to (13), in order to
prove (12) it is enough to obtain analogous estimates for uð0; tÞ: We start by
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I 0ðtÞ ¼
Z L
0
utðs; tÞ ds ¼
Z L
0
ðumÞxxðs; tÞ ds
¼ ðumÞxðL; tÞ  ðu
mÞxð0; tÞ ¼ u
pð0; tÞ  luqðL; tÞ
5 upð0; tÞð1 luqpð0; tÞÞ5upð0; tÞð1 dÞ;
for any d; 05d51; and t near T : The last inequality is a consequence of
q p50 and hypothesis (H). Hence we have that I 0ðtÞ5ð1 dÞupð0; tÞ5ð1
dÞLpðIðtÞÞp; which integrated in ðt; T Þ yields IðtÞ4CðT  tÞ1=ðp1Þ: This
inequality implies the upper estimate, since uð0; tÞ=24uðL; tÞ4IðtÞ=L:
To prove the lower estimate, we observe that I 0ðtÞ ¼ upð0; tÞ  luqðL; tÞ4
upð0; tÞ4CðIðtÞÞp: Integrating in ðt; T Þ we get IðtÞ5CðT  tÞ1=ðp1Þ: This
inequality implies the lower estimate, since uð0; tÞ5IðtÞ=L:
Now we consider the case ðmþ 1Þ=25p5m; p ¼ q: For l ¼ 1; we have
I 0ðtÞ ¼ upð0; tÞ  upðL; tÞ
¼  Lpup1ðx; tÞuxðx; tÞ ¼ Cupmðx; tÞðumÞxðx; tÞ
5Cu2pmð0; tÞ5CðIðtÞÞ2pm:
The integration of this inequality in ðt; T Þ gives IðtÞ4CðT  tÞ1=ð2pm1Þ;
from where the upper estimate for uð0; tÞ follows.
In order to prove the lower estimate, we observe that
I 0ðtÞ ¼  Lpup1ðx; tÞuxðx; tÞ4CupmðL; tÞupð0; tÞ
4Cu2pmðL; tÞ4CðIðtÞÞ2pm:
Integrating in ðt; T Þ we get IðtÞ5CðT  tÞ1=ð2pm1Þ; and hence the lower
estimate for uð0; tÞ:
For l51; by (13) we obtain
I 0ðtÞ ¼ upð0; tÞ  lupðL; tÞ5ð1 lÞupðL; tÞ5CðIðtÞÞp:
On the other hand,
I 0ðtÞ ¼ upð0; tÞ  lupðL; tÞ4upð0; tÞ4CðIðtÞÞp:
Hence the estimates for uð0; tÞ follows. ]
Lemma 4.2. If p5m > 1; there exist C1 and C2 > 0 such that (12) holds
where g ¼ 1=ð2p  m 1Þ:
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papers for details).
We deﬁne MðtÞ ¼ max uð; tÞ ¼ uð0; tÞ and the function
fM ðr; sÞ ¼
1
MðtÞ
uðar; bsþ tÞ;
where a ¼ Mmp; b ¼ Mmþ12p: If p > m then a and b go to zero as t % T ; if
p ¼ m; then a ¼ 1 and b goes to zero.
The function fM is a solution of the following problem:
ðfM Þs ¼ ðf
m
M Þrr; ðr; sÞ 2 ð0;
L
a Þ  ð
t
b ; 0Þ;
ðfmM Þrð0; sÞ ¼ f
p
M ð0; sÞ; s 2 ð
t
b ; 0Þ;
ðfmM Þrð
L
a ; sÞ ¼ lM
qpfqM ð
L
a ; sÞ; s 2 ð
t
b ; 0Þ:
8><
>:
Moreover, using that ut50; we get that 04fM41 and fM ð0; 0Þ ¼ 1: Since
the functions fM are uniformly bounded solutions of the porous medium
equation, we have that every sequence fMj is equicontinuous on ½0;L
 
½S; 0
 for every S50; cf. [24]. Then, fMj ! F as Mj !1 uniformly on
½0;L
  ½S; 0
 for every S50:
We claim that there exist two positive constants c and C such that
c4ðfM Þsð0; 0Þ4C:
If we rewrite these inequalities in terms of MðtÞ; we get c4Mm2pðtÞM 0ðtÞ4
C: Integrating and taking into account that MðtÞ ¼ uð0; tÞ; we obtain the
desired result.
In order to ﬁnish the proof we have to prove the claim. The upper bound
follows by regularity theory, see [16, 18] for details. To obtain the lower
estimate we suppose that there exists a sequence such that ðfMjÞsð0; 0Þ ! 0:
The function F is continuous and satisﬁes Fð0; 0Þ ¼ 1: Hence, there exists
a neighbourhood of ð0; 0Þ; U ; such that F > 1
2
in U : As we have uniform
convergence over %U (we can assume that %U is compact) for j large enough
we have that 1
4
4fMj41 in %U : Therefore, fMj are solutions of uniformly
parabolic equations in %U : Thus, from the fact that they are uniformly
bounded we obtain, using well-known Schauder estimates [16], jjfMj jjC2þa;1þa=2
4C in %U :
We conclude that (taking again a subsequence if necessary) ðfMjÞsð0; 0Þ !
Fsð0; 0Þ: This implies that Fsð0; 0Þ ¼ 0:
On the other hand, since ut50; the function w ¼ Fs is nonnegative and
satisﬁes ws ¼ ðmFm1wÞrr: Moreover, at r ¼ 0; ðmF
m1wÞrð0; sÞ ¼ pF
p1w
ð0; sÞ: Observe that Fð0; 0Þ > 0 and that w has a minimum at ð0; 0Þ: So by
Hopf’s Lemma we obtain that w  0: Then F is a stationary solution of the
porous medium equation, FmðrÞ ¼ c1r þ c2: But Fð0Þ ¼ 1; and from the
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1 r: Hence, if p > m we arrive to a contradiction with the fact that F is a
nonnegative function in all ð0;1Þ: If p ¼ m; F veriﬁes at x ¼ L
1 ¼ ðFmÞ0ðL; sÞ ¼
0; p > q;
lð1 LÞ; p ¼ q;
1; p5q;
8><
>:
which is a contradiction unless l ¼ 1=ð1 LÞ and p ¼ m ¼ q: However, in
this latter case all solutions are global. Then the claim is proved and the
theorem follows. ]
Remark 4.1. The same proof applies if 05m41 with p > ðmþ 1Þ=2:
5. BLOW-UP SETS
In this section we study the blow-up sets for solutions which blow up. As
in the previous section we impose hypothesis (H).
Lemma 5.1. If 15p5m and, either q5p; or, p ¼ q and l51; or if ðmþ
1Þ=25p5m; q ¼ p and l ¼ 1; then BðuÞ ¼ ½0;L
:
Proof. It follows immediately from (12). ]
Lemma 5.2. If p > m > 1 then BðuÞ ¼ f0g:
Proof. We consider the problem
vt ¼ ðvmÞxx; ðx; tÞ 2 ð0; LÞ  ð0; T Þ;
vð0; tÞ ¼ C2ðT  tÞ
1=ð2pm1Þ; t 2 ð0; T Þ;
ðvmÞxðL; tÞ ¼ 0; t 2 ð0; T Þ;
vðx; 0Þ ¼ u0ðxÞ; x 2 ½0;L
;
8>>><
>>:
where C2 is the constant in the upper estimate of the blow-up rate. In [11] it
is proved that BðvÞ ¼ f0g: As u is a subsolution of this problem, the result
follows. ]
Remark 5.1. If 05m51 we can perform comparison with the super-
solution given in [3, see Sect. 3]. This proves that in this case the blow-up set
is BðuÞ ¼ f0g: For the case m ¼ 1 we refer to [14, 19].
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blow-up proﬁle and obtain the exact blow-up set as a consequence.
To obtain the asymptotic behaviour we rescale the solutions according to
the blow-up rate,
vðx; tÞ ¼ ðT  tÞ1=ðm1Þuðx; tÞ; t ¼ ln
T  t
T
 
:
We remark that, as uðx; tÞ4uð0; tÞ4C2ðT  tÞ
1=ðm1Þ; then vðx; tÞ4C2: The
function vðx; tÞ satisﬁes the following problem,
vt ¼ ðvmÞxx 
1
m1v; ðx; tÞ 2 ð0; LÞ  ð0;1Þ;
ðvmÞxð0; tÞ ¼ v
mð0; tÞ; t 2 ð0;1Þ;
ðvmÞxðL; tÞ ¼ le
ðqmÞ=ðm1ÞtvqðL; tÞ; t 2 ð0;1Þ;
vðx; 0Þ ¼ T 1=ðm1Þu0ðxÞ; x 2 ð0;LÞ:
8>>><
>>:
ð14Þ
In order to obtain information on the behaviour of u near t ¼ T we study
the behaviour of vðx; tÞ as t!1: As expected, stationary solutions related
to (14), namely, solutions to
ðwmÞ00  1m1w ¼ 0 for x 2 ð0;LÞ;
ðwmÞ0ð0Þ ¼ wmð0Þ; ðwmÞ0ðLÞ ¼ lwmðLÞ;
(
ð15Þ
with l50; will play an outstanding role. We postpone the study of these
stationary problems to the appendix.
We also need to know something about the decay of solutions to (14).
Lemma 5.3. Let v a solution of (14) that goes to zero in an interval of the
form ½a d; bþ d
: Then there exists a constant C such that vðx; tÞ4C
e1=ðm1Þt; x 2 ½a; b
: This implies that uðx; tÞ4C for all x 2 ½a; b
; t 2 ½0;1Þ:
Proof. We use ideas from [5]. Since vðx; tÞ goes to zero as t!1 in
½a d; bþ d
; we can use a solution of
pt ¼ ðpmÞxx 
1
m 1
p; ðx; tÞ 2 ½a d; bþ d
  ð0;1Þ;
pða d; tÞ ¼ e; t 2 ð0;1Þ;
pðbþ d; tÞ ¼ e; t 2 ð0;1Þ;
pðx; 0Þ ¼ e; x 2 ða d; bþ dÞ
8>>><
>>>:
ð16Þ
as a supersolution of our problem.
To ﬁnish the proof we only have to observe that solutions p of (16) go
exponentially, with speed e1=ðm1Þt; to a stationary solution that has the
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hðxÞ ¼
CðmÞða xÞ2=ðm1Þ; x5a;
0; a4x4b;
CðmÞðx bÞ2=ðm1Þ; x > b:
8><
>:
If e is small, hðxÞ has a dead core including the interval ½a; b
: The result
follows. ]
Now we have all the tools we need to complete our study of the blow-up
sets.
Lemma 5.4. If p ¼ m and, either q4p; or, q > p and L52m=ðm 1Þ; the
blow-up set is given by BðuÞ ¼ ½0;minfL; 2m=ðm 1Þg
:
Proof. First, we study the case q5p ¼ m: Multiplying the equation in
(14) by ðvmÞt and integrating in x we obtainZ L
0
ðvmÞtvt dx ¼ lv
qðvmÞtðL; tÞe
ðmqÞ=ðm1Þt 
d
dt
F ðvÞðtÞ;
where
F ðvÞðtÞ ¼
Z L
0
ðvmÞ2x
2
ðx; tÞ dxþ
1
2
v2mð0; tÞ:
If q5p ¼ m we observe that the exponential term that appears at the
boundary condition has a negative exponent and therefore is integrable in
time. Hence it is easy to verify that F ðvÞ is a Lyapunov functional for
problem (14). Therefore, the o-limit set of problem (14) consists of
nontrivial solutions of (15) with l ¼ 0: This problem has a unique solution,
see Lemma A.1 in the appendix. Hence we conclude that vðx; tÞ ! wðxÞ as
t!1:
In case L52m=ðm 1Þ; as the solution of (15) with l ¼ 0 is positive in the
whole interval ½0;L
; we obtain that uðx; tÞ has global blow up. If L ¼
2m=ðm 1Þ the limit w is explicit and is given by (A.1). Hence we have global
blow up. Finally, if L > 2m=ðm 1Þ; vðx; tÞ the limit is again given by (A.1).
Hence, ½0; 2m=ðm 1ÞÞ  BðuÞ: To prove that in this case BðuÞ ¼ ½0; 2m=ðm
1Þ
 (regional blow up) we observe that vðx; tÞ goes to zero exponentially with
the precise rate vðx; tÞ4Ce1=ðm1Þt in every compact set included in ð2m=
ðm 1Þ;L
; Lemma 5.3.
The case q ¼ p ¼ m can be handled in an analogous way. The differences
that appear are the following. First, in problem (14) the exponential term
NONLINEAR HEAT EQUATION 279vanishes. In this case we deﬁne the Lyapunov functional by
F ðvÞðtÞ ¼
Z L
0
ðvmÞ2x
2
ðx; tÞ dxþ
1
2
v2mð0; tÞ 
l
2
v2mðL; tÞ;
and obtain that Z L
0
ðvmÞtvt dx ¼ 
d
dt
F ðvÞðtÞ:
The limit stationary problem is (15). Using Lemma A.1 we know that if
L52m=ðm 1Þ this problem has a unique compactly supported solution
while if L52m=ðm 1Þ every solution is positive. Then we can conclude the
argument exactly as in the case q5p ¼ m; using Lemma 5.3.
In the case q > p ¼ m with L52m=ðm 1Þ; we ﬁrst prove that ðvmÞxðL; Þ is
bounded. To do so we observe that hypothesis (H) implies that ðvmÞxð; tÞ is a
nondecreasing function. Moreover, 04 ðvmÞxð0; tÞ ¼ v
mð0; tÞ4C: Then 0
5ðvmÞxðx; tÞ5 C for all x 2 ½0;L
; t 2 ½0;1Þ:
The boundedness of ðvmÞxðL; Þ implies that v
qðL; tÞeðqmÞ=ðm1Þt4C:
Though the exponential term that appears in the boundary condition has
a positive exponent, the bound vqðL; tÞ4CeðqmÞ=ðm1Þt allows us to proceed
as in the case q5p ¼ m to obtain that vðx; tÞ ! wðxÞ as t!1: Then we can
conclude that the blow-up set BðuÞ is the interval ½0; 2m=ðm 1Þ
: ]
APPENDIX
In this appendix we study the stationary problem (15).
Lemma A.1. Let m > 1 and l50: Problem (15) has a unique solu-
tion, which is compactly supported if L > 2m=ðm 1Þ and positive if L42m=
ðm 1Þ:
Proof. If L > 2m=ðm 1Þ the problem has a unique compactly supported
solution [21],
wðxÞ ¼
m 1
2mðmþ 1Þ
 1=ðm1Þ
2m
m 1
 x
 2=ðm1Þ
þ
: ðA:1Þ
If L ¼ 2m=ðm 1Þ; then (A.1) is also a solution. However, it is not
compactly supported, but positive in ð0; 2m=ðm 1ÞÞ: If L52m=ðm 1Þ there
is no compactly supported solution.
To study the existence of other solutions of (15) we use ideas from [4]. We
set *w ¼ wm and use a shooting argument beginning with *wðLÞ ¼ k; *w0ðLÞ ¼ 0:
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ð *w0Þ2
2

m
m2  1
*wð1þmÞ=m ¼ 
m
m2  1
kð1þmÞ=m:
Evaluating at x ¼ 0 and using the boundary condition, we observe that *wð0Þ
must be a root of the following function:
P ðzÞ ¼
z2
2

m
m2  1
zð1þmÞ=m þ
m
m2  1
kð1þmÞ=m:
As P 0ðzÞ ¼ z ð1=ðm 1ÞÞz1=m; P attains a unique minimum at the point
z0 ¼ ðm 1Þ
m=ðm1Þ: In order to guarantee that P ðzÞ has a root we need
P ðz0Þ40: This imposes the following restriction on k;
k4kc ¼
1
m 1
 m=ðm1Þ
1
mþ 1
2m
 m=ðmþ1Þ
41:
If k5kc we have two roots R1ðkÞ and R2ðkÞ: As P ðkÞ50 and P 0ðkÞ40 we
conclude that k4R1ðkÞ4R2ðkÞ: On the other hand, if we integrate the
equation we have, using that *w040;
Z *wð0Þ
k
dsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sð1þmÞ=m  kð1þmÞ=m
p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2m
m2  1
r
L:
Hence for each root RiðkÞ we have a solution of (15) in an interval ½0;LiðkÞ

where LiðkÞ is given by
LiðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
2m
s
kðm1Þ=2m
Z RiðkÞ=k
1
dsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sð1þmÞ=m  1
p :
Now we observe that, as R1ðkÞ4R2ðkÞ we have that L1ðkÞ4L2ðkÞ:
In order to prove the uniqueness of the solution of (15) in the interval
½0;L
 we study the monotonicity of the functions LiðkÞ:
First, we observe that L1ðkÞ is increasing with k because R1ðkÞ=k increases
with k: Indeed, a direct calculation shows that
d
dk
RiðkÞ
k
 
¼ 
ðm 1Þ2
2m
 
R2i ðkÞ
k2ððm 1ÞRiðkÞ  R
1=m
i ðkÞÞ
;
while we recall that R1ðkÞ4ðm 1Þ
m=ðm1Þ: To see that L2ðkÞ is decreas-
ing we just observe, after differentiating and simplifying the resulting
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cðkÞ ¼ 
ðm 1Þxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xð1þmÞ=m  1
p
ðm 1 Rð1mÞ=m2 Þ
þ
Z x
1
dsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sð1þmÞ=m
p
 1
40;
where we have set x ¼ R2ðkÞ=k: In fact one can check that
d
dk
L2ðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðm2  1Þ
2m
s
m 1
2m
 
kðmþ1Þ=2mcðkÞ:
We note that R2ðkÞ5ðm 1Þ
m=ðm1Þ and also xðkÞ is a decreasing function of
k; so xðkÞ5xðkcÞ ¼ ð2m=ðm 1ÞÞ
m=ðmþ1Þ: In that range of values it is easy to
check that c0ðkÞ50 for k > 0 and also that cð0Þ ¼ 0: Therefore cðkÞ50 and
L2ðkÞ is decreasing.
We need a bound for L2ðkÞ; 04k4kc: As R2ðkÞ ! ð2m=ðm2  1ÞÞ
m=ðm1Þ
when k ! 0; a direct computation shows that L2ðkÞ ! 2m=ðm 1Þ as k ! 0:
Therefore L2 attains a maximum at k ¼ 0 that is L2ð0Þ ¼ 2m=ðm 1Þ; which
is exactly the support of the explicit solution (A.1).
Since R1ðkcÞ ¼ R2ðkcÞ we have L1ðkcÞ ¼ L2ðkcÞ: Also, as R1ðkÞ ! 0 when
k ! 0; one can easily check that L1ð0Þ ¼ 0:
We conclude that we have a unique solution of (15) given by (A.1) for
L52m=ðm 1Þ and positive for L52m=ðm 1Þ: ]
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